Introduction

A Riemannian manifold M
m is said to be locally symmetric if at its arbitrary point the geodesic reflection, defined in general only locally, is local isometry. By the famous result of É. Cartan the analytic condition expressing local symmetry is that the Riemannian curvature tensor R be parallel with respect to the Levi-Cività connection ∇, i.e. ∇R = 0.
In the extrinsic theory of submanifolds M m in Euclidean spaces n the analogous concept of locally symmetric (extrinsically) submanifold was introduced by D. Ferus [5] and W. Strübing [24] using the normal reflection as follows.
This work was partly supported by the grant ETF 3966. The reflection σ x of n with respect to this (n − m)-plane, which maps a point y ∈ n into a point σ x (y) ∈ n , symmetric to y with respect to this plane, is called the normal reflection σ x for M m at x.
A submanifold M m in n is said to be locally symmetric (extrinsically) if for all points x ∈ M m the normal reflection σ x for M m at x induces a local isometry of M m .
Ferus [5] and Strübing [24] showed that a submanifold M m in n is a locally symmetric (extrinsically) submanifold if and only if its second fundamental form h is parallel, i.e.∇h = 0, with respect to the van der Waerden-Bortolotti connectioñ ∇ = ∇⊕∇ ⊥ , where ∇ is the Levi-Cività connection and ∇ ⊥ is the normal connection of M m .
This result gave rise to calling the submanifolds with parallel second fundamental form (previously studied by J. Vilms [28] ), which coincide with the locally symmetric (extrinsically) submanifolds, the parallel submanifolds by M. Takeuchi [27] . Now this name has become the most popular one.
The well-known Gauss equation, which expresses the curvature tensor R of a submanifold M m by means of its second fundamental form h, shows that every parallel submanifold M m in n is intrinsically a Riemannian locally symmetric manifold.
By a result due to Ferus [5] , it is not an arbitrary one, but in the irreducible case is locally a symmetric R-space, and the immersion M m → n is locally a standard imbedding of this symmetric R-space. 2 . The condition ∇R = 0 of local symmetry of a Riemannian manifold M m is a differential system. The integrability condition for this system is the point-wise condition R(X, Y )·R = 0, where R(X, Y ), for arbitrary tangent vector fields X and Y , is a linear operator acting as a derivation on the curvature tensor R. This last condition was introduced by É. Cartan [3] (independently in 1943 also by P. A. Shirokov; see [21] , p. 389). Its importance for geodesic maps was shown by N. S. Sinjukov in [22] , where the Riemannian manifolds satisfying this condition were called semisymmetric (see also [23] ). K. Nomizu conjectered in [19] that all complete, irreducible semisymmetric Riemannian manifolds M m , m 3, are locally symmetric, but soon this conjecture was refuted in [26] (for m = 3) and [20] . For m = 2 the situation is trivial: every Riemannian M 2 is semisymmetric.
The extrinsic analogue of this is the integrability condition R(X, Y ) · h = 0 for the differential system∇h = 0, which characterizes the parallel submanifolds. Here R(X, Y ) is the curvature operator of the van der Waerden-Bortolotti connection. The Riemannian submanifolds M m in n satisfying this condition are called semisym-metric (extrinsically) [8] - [11] , or more often semiparallel [4] , [14] . Intrinsically every semiparallel submanifold is a semisymmetric Riemannian manifold; this follows again from the Gauss equation and the expressions for the curvature tensors of ∇ ⊥ (see [4] , [15] ).
Geometrically, semiparallel submanifolds are characterized as the second order envelopes of the parallel ones (see [10] ). For the corresponding theorem some generalizations have been given recently in [17] , [18] . It has inspired also a purely intrinsic consideration: it is established in [7] that the metric of each semisymmetric Riemannian manifold is a second order envelope of a family of locally symmetric metrics (see also [6] ).
This analogy gives rise to the question what is correspondence between semisymmetric Riemannian manifolds, on the one hand, and semiparallel submanifolds on the other hand. More explicitly, can every semisymmetric manifold be immersed isometrically as a semiparallel submanifold of an Euclidean space?
Recall that for the particular case of symmetric manifolds and parallel submanifolds the answer is negative: due to Ferus' result only symmetric R-spaces can be immersed isometrically as parallel submanifolds. But what will be the answer like in our more general situation?
Up to now only the two-dimensional case has been investigated in [14] . The result can be summarized in the following way.
It is known that every two-dimensional Riemannian manifold M 2 is semisymmetric.
In [4] all semiparallel surfaces M 2 in n were divided into three classes: (i) totally geodesic or totally umbilical surfaces (i.e. planes or spheres or their open parts), (ii) surfaces with zero Gaussian curvature and flat normal connection, (iii) the second order envelopes of Veronese surfaces. (Here the description of the class (iii) is modified using the result of [10] ; see also [15] .)
It is shown in [9] that if n = 5 then the only semisymmetric surfaces of the class (iii) in 5 are the parallel ones, namely the single Veronese surfaces, every one of which has constant positive Gaussian curvature K. In [14] there is added that into pseudoEuclidean space 3 5 (with 3 minus signs in the canonical form of ds 2 ) also M 2 of negative constant K can be immersed isometrically as a semiparallel surface of the class (iii), again as a parallel one.
The main result in [14] is that into s 6 with s ∈ {0, 3, 4} also a Riemannian M 2 of non-constant Gaussian curvature K can be immersed isometrically as a non-parallel semiparallel surface of the class (iii), but in s 7 with s ∈ {0, 3, 4, 5} every Riemannian M 2 can be isometrically realized in the class (iii).
So it turns out that for m = 2 the situation depends essentially on the dimension n and on the number s of the negative coefficients in the canonical form of the metric quadratic form of the ambient space s n .
In the present paper the same problem is investigated for the dimension m = 3 and only for the Euclidean ambient space n : can every semisymmetric Riemannian M 3 be immersed isometrically into some n as a semiparallel submanifold?
An irreducible semisymmetric M 3 is, by a result, due to Szabó [25] , either locally symmetric or foliated by Euclidean leaves of codimension two. The latter were further divided by Kowalski [6] into four classes, formed by the elliptic, hyperbolic, parabolic and planar spaces, respectively. The aim of the present paper is to prove the following
) be a Riemannian 3-manifold which can be immersed isometrically into an Euclidean space n as a semiparallel submanifold. Then
) is a space of constant curvature, locally, or it is a foliated semisymmetric space of planar type.
Note that a general Riemannian M 3 is not semisymmetric any more. Therefore first the classification of semisymmetric Riemannian M m is needed, especially for m = 3. This is given, according to [25] and [6] , in Section 1, where especially the planar foliated M 3 are characterized.
The classification of three-dimensional semiparallel submanifolds in Euclidean spaces n is given separately for submanifolds whose principal normal subspace has dimension m 1 3 (Section 3), and for those with 3 < m 1 6 (Section 4). Here our earlier publications [16] and [11] could be used with some additions concerning the inner metric. A special attention is given to submanifolds which are intrinsically planar foliated manifolds. The proof of the Main Theorem in Section 5 reduces then to a comparison of these two classifications. The submanifolds realizing the foliated semisymmetric 3-manifolds are described geometrically in Section 6. Finally, some concluding remarks are formulated in Section 7. 
Classification of semisymmetric Riemannian
x , where this group acts trivially on V (0) x and there is only one subspace V (1) x which is invariant for this group. A simple leaf is said to be infinitesimally irreducible if at least at one point the infinitesimal holonomy group acts irreducibly on V (1)
is called the index of nullity at x and u(x) = dim M − ν(x) the index of non-nullity at x.
The classification theorem by Szabó asserts the following (according to the formulation given in [1] , [2] ).
Let M be an infinitesimally irreducible simple semisymmetric leaf and x a point of M . Then one of the following cases occurs: (a) ν(x) = 0 and u(x) > 2 : M is locally symmetric and hence locally isometric to a symmetric space; (b) ν(x) = 1 and u(x) > 2 : M is locally isometric to an elliptic, a hyperbolic or a Euclidean cone; (c) ν(x) = 2 and u(x) > 2 : M is locally isometric to a Kählerian cone; (d) ν(x) = dim M − 2 and u(x) = 2 : M is locally isometric to a space foliated by Euclidean leaves of codimension two (or to a two-dimensional manifold, this in the case whenen space dim M = 2).
If here dim M = 3, then u(x) = 3 − ν(x) and thus the cases (b) and (c) are impossible. Therefore they do not need more detailed description in the present paper. Hence the main attention must be turned to the case (d): to the threedimensional semisymmetric Riemannian manifolds M 3 foliated by one-dimensional Euclidean leaves, which can be considered now as the geodesic lines (called in [6] the principal geodesics of the foliated M 3 ).
For such foliated M 3 , O. Kowalski introduced in a preprint of 1991 the geometric concept of asymptotic foliation (see [6] What follows here in the present section gives a treatment of the asymptotic foliations according to Kowalski [6] (and Boeckx [1] ).
Let the bundle of orthonormal frames (e 1 , e 2 , e 3 ) be adapted to the considered M 3 so that at each point x ∈ M 3 the unit vector e 3 is tangent to the principal geodesic.
For the bundle of dual coframes (ω 1 , ω 2 , ω 3 ) the following structure equations hold:
where ω 
Let X = e 1 cos ϕ + e 2 sin ϕ be a unit vector in the tangent plane span{X, e 3 } of the asymptotic leaf. Then ∇ e3 X = ∇ X e 3 + [e 3 , X] must belong to this tangent plane. Since the tangent distribution of this leaf is a foliation the same can be said about [e 3 , X]. Thus ∇ X e 3 = ∇ e1 e 3 cos ϕ + ∇ e2 e 3 sin ϕ = (ω k 3 (e 1 )e k ) cos ϕ + (ω k 3 (e 2 )e k ) sin ϕ = (ae 1 + ce 2 ) cos ϕ + (be 1 + ee 2 ) sin ϕ must belong to span{X, e 3 } and therefore must be a multiple of X = e 1 cos ϕ + e 2 sin ϕ. This last condition is equivalent to b sin 2 ϕ + (a − e) cos ϕ sin ϕ − c cos 2 ϕ = 0.
But along the asymptotic leaf ω
cos ϕ, so that this condition reduces to
According to [6] , [2] a foliated M 3 is said to be planar if it admits infinitely many asymptotic foliations. If it admits just two (or one, or none, respectively) asymptotic foliations, it is said to be hyperbolic (or parabolic, or elliptic, respectively). From (1.2) it is seen that each planar foliated M 3 is characterized by a − e = b = c = 0, i.e. by the fact that (1.1) reduces to
Three-dimensional semiparallel submanifolds
For our problem also the classification of semiparallel submanifolds M 3 in the Euclidean space n is important. This classification is made in [16] and [11] (some generalizations for M 3 in Riemannian space forms were made later in [15] ).
A general information about semiparallel submanifolds is given e.g. in [4] , [14] , [15] .
Let M m be a Riemannian submanifold in n . Let a point x ∈ M m and its radius vector with respect to the origin O ∈ n be identified. Let the bundle of orthogonal frames {x; e 1 , . . . , e n } be reduced to the subbundle adapted to M m , so
where the indices i, j, . . . run over the set {1, . . . , m} and α, β, . . . run over the set {m+1, . . . , n}. There hold then the derivation formulae
and the structure equations
is the second fundamental form of the submanifold M m in n . The differential prolongation used for (2.5) showes that∇h
are the components of∇h.
Further, by exterior differentiation,
where
are the curvature 2-forms of ∇ and ∇ ⊥ , respectively. Due to (2.5) they are
where the coefficients, the components of the curvature tensors R and R ⊥ of ∇ and ∇ ⊥ , respectively, can be expressed algebraically by the components of the second fundamental form:
Here the first equation is the famous Gauss equation, which expresses the relationship between the intrinsic and extrinsic properties of a submanifold M m in n .
Submanifolds satisfying the differential system∇h α ij = 0 (equivalently, h α ijk = 0) are called parallel ; they are intrinsically locally symmetric Riemannian manifolds. The submanifolds satisfying the integrability condition for this system, which by (2.7) is
are called semiparallel ; they are intrinsically semisymmetric Riemannian manifolds. Both these assertions follow easily from the Gauss equation. Summing in (2.11) over i = j one obtains that the so called mean curvature vector
This is due to the fact that h α ij and Ω j i are symmetric and antisymmetric, respectively, with respect to i, j and therefore their product annihilates after contraction.
Our problem is: can every semisymmetric Riemannian M m be immersed into n as a semiparallel submanifold? This problem will be considered here for the dimension m = 3.
For this purpose the classification of all semiparallel submanifolds M 3 in n is needed. Recall that this is done in [16] , [11] (see also [15] , Sect. 20) .
Here the preliminary classification goes by the dimension m 1 of the so called first (or principal ) normal subspace span{h 
e α are the so called principal curvature vectors, but the semiparallelity condition (2.11) reduces to (2.14)
This classification is given in [16] and will be reproduced here with some additions concerning the intrinsical metric. Here ∇ ⊥ is obviously flat, in the adapted frame k i = κ i e 4 and thus k i , k j = κ i κ j .
Due to (2.14) there are the following possibilities (up to a permutation of 1, 2, 3).
In the adapted orthonormal frame M 3 is then determined locally by the differential system
Differential prolongation by means of (2.3), (2.4), and Cartan's lemma leads to
and the next prolongation gives
The system (3.1)-(3.2) is totally integrable and determines the considered M 3 up to arbitrary constants. From (2.1) now
Hence this M 3 lies in the plane 4 ⊂ n spanned by x, e 1 , e 2 , e 3 and e 4 . As is easily seen, the system ω 
A further investigation of this system shows that the considered M 3 exists with arbitrariness of n − 1 real analytic functions of one real argument. Here Hence by Cartan's lemma
The third equation of the first row gives by exterior differentiation and substitution that λ 1 = λ 2 = 0, so that
Hence the next differential prolongation gives da = −a 2 ω 3 . [11] ). Intrinsically it is a foliated semisymmetric Riemannian three-dimensional manifold, which is in view of (3.4) and (1.3) of planar type (in the sense of Kowalski, see Sect. 1).
Now
ω 1 = ω 2 = 0 determines a foliation of M 3 whose leaves are the lines with dx = e 3 ω 3 , de 3 = e 4 κ 3 ω 3 , thus the geodesic lines of M 3 . The equation ω 3 = 0 is totally integrable because dω 3 = 0. It determines a foliation of M 3 whose leaves are totally umbilical because for them de 1 = e 2 ω 2 1 + (−ae 3 + κe 4 )ω 1 , de 2 = −e 1 ω 2 1 + (−ae 3 + κe 4 )ω 2 . Hence these leaves are two-dimensional spheres. Along every such sphere the tangent lines of M 3 , orthogonal to the sphere, intersect in a point with radius vector x − a −1 e 3 , because d(x − a −1 e 3 ) = 0 (mod ω 3
The case of m 1 = 3.
Here ∇ ⊥ can be but need not be flat. Let us start from the first possibility.
Type (6): Let ∇ ⊥ be flat. Now three principal curvature vectors k 1 , k 2 , k 3 must be different, due to m 1 = 3, and the semiparallelity condition (2.14) shows that they are mutually orthogonal vectors. Therefore the frame vectors e 3+i can be taken so that k i = κ i e 3+i . Then 
It follows that
Here
Hence at least one of the coefficients is non-zero. After a renumeration, if needed, one obtains (λ 1 − λ 2 )h 6 12 = 0, λ 1 = 0. Semiparallelity condition (2.11) for α = 5 reduces to
There exist two possibilities. Type (7): κ 3 = κ, h 
Substitution into (3.5) gives κ 2 = 3λ 2 = 0, and replacing e 4 by −e 4 , if needed, one gets κ = λ √ 3. Finally (2.11) for α = 6 and i = 1, j = 3 yields λκκ 3 = 0, thus
All this can be summarized with 
Due to (3.13) the system ω After multiplying by h 6 12 = 0, using (3.6) and λ 1 + λ 2 + λ 3 = 0 one obtains
Consequently, h Geometric characterization of this semiparallel submanifold will be given below in Section 6.
Classification for the remaining cases
This classification is given in [11] and will be reproduced here with some additions concerning the intrinsical metric. A. Let these directions be distinct. After normalization of ξ 1 and ξ 2 the frame vector e 2 can be taken orthogonal to them and e 1 and e 3 collinear, respectively, to ξ 1 + ξ 2 and ξ 1 − ξ 2 . Then the special basic relation above is h 11 (ξ
Here ξ 
= 0. This leads either to the limit case of (A 3 ), when µ = 0, or to the case (A 3 ). So we must consider three subcases (A 2 ), (A 3 ), (B 2 ), and two subcases (A 1 ), (A 3 ) with their limit cases when µ = 0.
In each of them the semiparallelity condition (2.11) must be satisfied. By means of (2.5), (2.8) and (2.9) this condition can be represented as a purely algebraic system of cubic homogeneous equations
Every equation of this system is a linear dependence between the vectors h ij with different pairs {ij}. In the considered case m 1 = 4 there must always be four linearly independent vectors among them, therefore the coefficient of every of the latter must be zero.
In the sequel the equation (4.1) will be referred to as [ij, pq], and if the coefficient at a vector h rs vanishes, then this condition will be referred to as [ 22 . This is impossible because h 11 , h 22 are linearly independent.
It follows that the semiparallelity condition (4.1) can be satisfied only in the subcase (A 1 ), when the vectors h 11 , h 22 , h 12 , h 13 are linearly independent and, recall,
Type (9): Here the following conditions are to be used. 
Consequently ν 1 = −ν 2 = ν and where now = 8, . . . , n and λ > 0, κ > 0.
By exterior differentiation the equations ω 
The other equations (4.8) give
and thus F = H = J = K = 0, 3λ 
this sphere has the radius vector
and since dc = 0, as is easy to check (cf. [13] ), all these spheres have a common centre, i.e. they are concentric. The principal geodesics are plane curves, as is shown before, whose curvature is λ. Moreover, from (3.15) it follows that dω
gives for the case a = 0 that a = s −1 . Therefore ln λ = −aω 1 yields λ = ks −1 with k = const. Hence all these principal geodesics are congruent logarithmic spirals. It can be shown (see [13] ) that the pole of every of these logarithmic spirals coincides with the common centre of the concentric spheres above. In the limit case when a = 0 these logarithmic spirals reduce to circles and then M 3 is a parallel orbit, namely the Segre orbit (see [13] , [15] Recall that partial differential prolongation of this system leads to the equations (4.9) and (4.10), but by the further prolongation the following consequences can be obtained (see [11] ): by differential prolongation (see [9] , [11] , [14] ) dA = Bω 
Concluding remarks
In connection with the Main Theorem it is essential to remark that the foliated semisymmetric M 3 of the other types, i.e. hyperbolic, parabolic and elliptic, can not be immersed isometrically into n as semiparallel submanifolds, although they form much broader families as is seen from [6] , where the exact forms of their metrics are given. Here the problem arises what happens if we replace n by another ambient space. Also another question arises: can every foliated semisymmetric Riemannian manifold of planar type be immersed isometrically into n as a semiparallel submanifold?
If we try to answer this question the following result by Kowalski is important (see Theorem 7.10 
in [6]).
On every planar foliated M 3 the local coordinates can be taken so that the orthonormal coframe is given by
The local isometry classes of such 
and (9). In the case (2) M 3 is an open part of a round cone in 4 , which depends only on some constants and therefore can not be intrinsically a general planar foliated Riemannian M 3 .
In the case (5) M 3 is determined by a one-parametric family of three-dimensional spheres, thus depends only on some real analytic functions of one real argument and therefore can not be intrinsically a general planar foliated Riemannian M 3 either. 
(R).
In [14] it is shown that in n , n 7, the last envelope depends on one real analytic function of two real arguments. Of course at least the same arbitrariness must prevail also for the general M 3 of the case (7).
This makes plausible the following conjecture:
Into n , n 8, every planar foliated Riemannian M 3 can be immersed isometrically as a semiparallel submanifold.
